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Results of investigations of the 0(4) spin model at finite temperature using anisotropic lattices are presented. In both 
the large approximation and the numerical simulations using the Wolff cluster algorithm we find that the ratio 
of the symmetry restoration temperature Tgpi to the Higgs mass rrtj] is independent of the anisotropy. We obtain a 
lower bound of 0.59 it 0.04 for the ratio, Tgp^/mHi at nina ~ 0.5, which is lowered further by about 10% at nina ~ 1. 



1. INTRODUCTION 

Finite temperature investigations of sponta- 
neously broken gauge theories are of importance 
to the physics of the very early universe. Two 
prime examples are the inflationary universe and 
the generation of the baryon asymmetry. Al- 
though symmetry restoring phase transitions in 
spontaneously broken gauge theories are cru- 
cial for these areas, our knowledge about them 
comes chiefly from perturbation theory. Moti- 
vated by the desire to learn more about their 
non-perturbative aspects, lattice investigations 
of these theories at finite temperature have been 
made. Our investigation of the 0(4) spin model 
on anisotropic lattices is one more step in this di- 
rection. Recall that this model is obtained from 
the fundamental SU (2) Higgs-gauge model in its 
weak gauge coupling limit. Both the models are 
expected to be trivial, giving rise to an upper 
bound on the Higgs mass in their respective scal- 
ing regions. The finite temperature investigation 
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is aimed at studying the model in this scaling 
region to find out about the symmetry restoring 
phase transition and to obtain a lower bound on 
the symmetry restoration temperature TgR. Em- 
ploying anisotropic lattices has the advantage of 
being able to distinguish the finite temperature 
effects, which could be called as a special type 
of finite size effects, from arbitrary finite size ef- 
fects since the former have to be independent of 
the anisotropy in the scaling region. In addition, 
anisotropic lattices allow one to study the finite 
temperature effects at a correlation length of or- 
der unity. 

2. THE ANISOTROPIC 0(N) MODEL 

On anisotropic lattices L^xS^Lt, the 0{N) spin 
model is defined by the action 

S = -NPi^Y.^^ ■ ^.+6 + ^ E • ^.+3-) (1) 

where £ 0{N), Vx, and /3(or k = N(3/2 
for 0(4)) is the coupling on the isotropic lat- 
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tices for which the anisotropy coupUng 7 is unity. 

The physical volume and temperature are re- 
spectively given by V ~ L^a? and T = l/£_Ltat. 
Since ^ = a/ at, varying ^ on the lattices above 
amounts to holding the temperature constant in 
units of a~^, apart from possible quantum renor- 
malization effects. 

In both the large N approximation and the 
numerical simulations our procedure to investi- 
gate finite temperature effects was the following. 
For a given value of the anisotropy coupling 7, 
we obtained the critical coupling on an x S,Lt 
lattice by setting 7 to its classical value ^. Our 
results justify this choice a posteriori. (3c in the 
large N limit is obtained by solving numerically 
the saddle point equation 

for L ^ 00, where D{p) is given by 

Z?(p) = 4C2sin2(»+4^sin2(ip,) , (3) 

j 

with the momenta given by p^ = 2Tm^/N^, 
= 0, . . . , iV^ — 1, where A'o = and Nj = L. 
The prime on the sum in Eq. (2) indicates that 
the zero mode, p = 0, is being left out. In 
Monte Carlo(MC) simulations the unique cross- 
ing point of the cumulant — (M'')/(M^)^ 
for various volumes yields Kc (00,^X4). Here 
M is the order parameter, defined by M = 
(I Y^x Sx\)/^L^Lt. Alternatively, one may use the 
peak position of the susceptibility, x = (Af^) — 
(Af)^, to define Kc{L, £,Lt). Using the critical ex- 
ponents of the 0(4) model in three dimensions, 
Kc{oo, ^Lt) can then be obtained using the finite 
size scaling theory. 

The Higgs mass at zero temperature was then 
determined at the Kc{oo,^Lt) by studying the 
zero momentum connected correlation functions 
of the spin variables on x lattices in both 



Fig. 1. Qfi and x as a function of K for ^ = 1.5 on X 6 
lattices for L = 18 and 24. 

the spatial and the temporal directions. Prom 

the exponential fall-off of the correlation func- 
tions, the Higgs mass, rriua, can be obtained us- 
ing standard methods, such as fits or local dis- 
tance dependent masses. Demanding Euclidean 
invariance and by appropriately scaling the tem- 
poral direction to match these correlation func- 
tions, we determined corrections to the relation 
^ = 7. They were found to be 5-10% for all 7- 
values we studied, indicating that the quantum 
corrections to the anisotropy are small. The same 
conclusion was also obtained in the large N limit 
in the symmetric phase. 

3. RESULTS 

Fig. 1 exhibits our results for both and x 
on 18^ X 6 and 24^ x 6 lattices for ^ = 1.5. We 
used the spectral density method to obtain the 
smooth curves shown from our data, shown by 
crosses. Similar results have also been obtained 
for other values of ^ and Lt. We have used ^ = 1, 
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Lt 


1 


1.5 


2 


2 






0.54 ± 0.04 


4 


0.59 ± 0.04 


0.58 ± 0.03 


0.59 ± 0.03 


6 


0.80 ± 0.01 







Table 1 

Tsu/'mn as a function of { and Lt- 



1.5 and 2, Lt = 2, 4, 6 and L = 18 and 24. 
In each case we obtained Kc{oo,^Lt) by using 
both the crossing point of gn and the finite size 
scahng of the peak position of the susccptibiHty. 
Both estimates were always found to be consis- 
tent, although we preferred to use the former for 
determining toh- 

At each coupling, the Higgs mass mn was ob- 
tained from the plateau in the local distance- 
dependent masses, defined as ln{C{t)/C{t + 1)), 
where C{t) is the zero momentum correlation 
function. Again wc checked that a fit to the 
data of an exponential form yielded consistent 
results with these estimates. Using these results, 
the ratio TsR/mn = {Ltmua)~^ shown in Ta- 
ble 1 is obtained for various ^ and Lt. The ^- 
independence of the ratio is obvious. Recall that 
mn ^ 0, as one approaches Kg, i.e., as Lt grows. 
Thus, depending on the choice of value of the 
correlation length up to which an effective the- 
ory can be defined, one obtains a lower bound on 
the ratio TgYi/mu- From Table 1, one sees this 
bound to be 0.59 ± 0.04 for a correlation length 
of ^ 2, which decreases by 10% for niua — 1- 

Considering the fluctuations around the sad- 
dle point of the large limit, one can obtain the 
Higgs mass toh at /3c(C-^t), while the correspond- 
ing renormalized vacuum expectation value of 
the field is given by = (3c{^Lt) - (3c{oo). Fig. 
2 shows these large A'' results for TsR/mH and 
Tsr/vr. Both are seen to be clearly independent 
of ^. Further, the latter seems to be indepen- 
dent of Lt for Lt > 4. Qualitatively, the large N 



Fig. 2. Large N results for Tga/mH and Tg-n/vs, as a 
function of ^ for various Lt ■ 

limit seems to reproduce all the features of the 
Monte Carlo(MC) data well. However, quantita- 
tively, the large N results seem to lie systemat- 
ically lower than the MC results by ~15 %. It 
would be interesting to check whether the early 
scaling evident in the MC data for = 2 is real 
by simulating the theory at more ^ values and 
also by studying the Ts-r/vr ratio. 

Acknowledgements 

One of us (R.V.G.) is thankful to the organiz- 
ers of "LATTICE 91" for their financial support 
which enabled him to present this work. 

References 

[1] H. G. Evertz, J. Jersak and K. Kanaya, Nucl. Phys. 

B285[FS19] (1987) 229; P. H. Damgaard and U. M. 

Heller, Nucl. Phys. B304 (1988) 63. 
[2] U. M. Heller, Phys. Lett. B191 (1987) 109; K. Jansen 

and P. SeuferUng, Nucl. Phys. B343 (1990) 507. 



